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number of bifunctional units and a small number
of trifunctional units, for example, the number of
chain branches (trifunctional units) is fixed, but
the number of unreacted functional groups de-
creases as intermolecular condensation of the
functional groups proceeds. The average chain
length, where a chain is defined as the linear por-
tion of the molecule bounded by branching units
or unreacted terminal groups at both ends, in-
creases as the reaction progresses. The statisti-
cal analysis shows that although increasing quan-
tities of complex species are formed as the reac-
tion proceeds, simple single chains (containing no
branch units) are always in abundance. Even
at the critical point for the formation of infinite
networks, i. e., at the gel point, one-fourth of the
polymer by weight is composed of single chain
species.

At the gel point the number average molecular
weight J/, is merely three-halves what it would
have been if the trifunctional units had been re-
placed stoichiometrically with bifunctional units;
in other words, at the gel point the trifunctional
unitsare responsible for a decrease of only one-third
in the total number of molecules. On the other
hand, the size distribution of species is broadened
markedly by the presence of the branch units.
This effect on the distribution is reflected by the
rapid rise in the weight average molecular weight
M, as the gel point is approached. In contrast
with M,, M, reaches infinity at the critical point
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a = 1/, although no infinite networks are present
until « exceeds !/; (a equals the probability of a
branch at the end of a given chain.) Since the
viscosities of polymers depend on their weight
average molecular weights, an explanation is pro-
vided for the observed increase in viscosity with-
out limit as the gel point is approached.

The simultaneous presence of sol (soluble poly-
mer) and gel (insoluble polymer) after gelation, is
shown by the statistical treatment to be the direct
consequence of random distribution of branch
units in the polymer. It is in no way dependent
upon different chemical properties of the ingredi-
ents from which the sol and gel fractions are
formed.

In harmony with the results of the preceding
paper, infinite networks (gel) make their appear-
ance suddenly when « exceeds !/,. For greater
values of « the weight fraction of sol is given by
(1 — a)*/a?.  The weight fraction of gel can be
calculated by difference.

Highly branched species are preferentially con-
verted to gel as the reaction continues beyond the
gel point. Consequently, the average complexity
in the sol fraction decreases as the polymeriza-
tion proceeds beyond gelation.

The situations dealt with in this paper and the
one preceding find obvious analogies in certain
gas phase chain reactions.
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Molecular Size Distribution in Three Dimensional Polymers.

III. Tetrafunctional

Branching Units

By PauL J. FLory!

Three dimensional polymers in which the
branch units are tetrafunctional are particularly
important. They include copolymers of styrene
with divinylbenzene,*? analogous copolymers of
other vinyl and divinyl compounds,* raw rub-
ber, vulcanized rubber and condensation poly-
mers composed of bifunctional and tetrafunctional
units. Certain protein gels, e. g., those of egg al-

(1) Present address: Esso Laboratories, Chemical Division,
Standard Oil Development Company, Elizabeth, New Jersey.

(2) H. Staudinger and W. Heuer, Ber., 67, 1164 (1934),

(3) H. Staudinger and W. Heuer, ibid., 68, 1818 (1935); Tranus.
Faraday Soc., 83, 323 (1936).

(4) K. G. Blaikie and R. N. Crozier, Ind. Eng. Chem., 28, 1155

(1936); R. G. W. Norrish and E. F. Brookman, Proc. Roy. Soc.
(London), A168, 205 (1937).

bumin,® probably should be included if one con-
siders secondary valence bonds as the cross link-
ages. In this paper the size distributions in tetra-
functionally branched polymers will be investi-
gated by a statistical method unlike that which has
been applied to trifunctionally branched polymers
in the preceding paper.®

The particular case under consideration is that
of long chains of uniform length, some of which
are connected with one another by randomly dis-
tributed tetrafunctional units, or cross linkages.
The probability that any particular unit in a poly-

(5) W. G. Myers and W. G, France, J. Phys. Chem., 44, 1113
(1940),
(8) P.J. Flory, THIS JOURNAL, 68, 3091 (1941).
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mer chain is tetrafunctional, or is cross-linked, is
considered to be independent of the proximity of
other tetrafunctional units, or cross-linkages.
The restriction of the treatment to chains of uni-
form length renders the quantitative aspects of
the results inapplicable to all of the examples
mentioned above, except the proteins.

As in the preceding papers®’ it is assumed that
no intramolecular reactions occur in species of
finite size.

Theoretical

Let p represent the probability that any unit
selected at random is cross-linked, <. e., is part of
a tetrafunctional unit. Thus, in a styrene-
divinylbenzene copolymer p is given by

2(divinylbenzene)
p= (styrene) + 2(divinylbenzene)

the factor, 2, being included since each divinyl-
benzene furnishes two chain units. Of course,
only those divinylbenzenes both vinyl groups of
which have polymerized are to be counted as
tetrafunctional. Similarly, for a vulcanized rub-
ber p is twice the ratio of sulfur cross linkages to
the total number of isoprene units.

Derivation of the Distribution Function.—
The probability that a chain selected at random
has ¢ cross linkages is given by
o T P B
where v + 1 is the number of units in one chain.
These ¢ cross linkages lead to 7 additional chains,
each of which possesses » units in addition to the
unit which is cross-linked to the original chain.
The probability that these ¢ chains possess a total
of j additional cross linkages is

P =

()lpf
(v = HY!
The probability that a chain selected at random
possesses ¢ cross linkages, the ¢ neighboring chains
possess j additional cross linkages, the next tier
of j chains possess % additional cross linkages,
ete., and finally zero cross linkages in the s-th tier
is

Py = (1 — p)r—i 2

Rijooooro =Py Py Pyt ... Prao
Substituting from (1) and (2)

Rijovviro =
(v 4 D@L ... (ro)l]er7(1 = p)r=Dt2
(v + 1 = )iy — NGy — B) ... @)l ... 7]

where the total number of chains in the molecule
(7) P.J. Flory, TH1S JOURNAL, 68, 3083 (1941).
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isgivenbys=1474+j4+ ...7r. Sincevis
large, it is permissible to let
(m)!/ (mv — n)! = (mp)"

wherev — 1 < u < ». Thent

y14k 0
Rijovvirn = [:—--—-—?le :,:l (p)*=1 (1= p)?0—9+s (3)

The probability that the chain selected at ran-
dom is connected to z — 1 other chains by any
possible conﬁguration is

- . Lo
= (up)*t (1 — p)o—D+2 ZWT‘T

4)
where the summation is over all combinations of
1, §, &, etc., consistent with the conditions ¢ + j +
Fr=2z-1
1>0
The additional requirements that
1< v+ 1 i<y k < v, ete,
can be overlooked since » is large and in all situa-
tions of interest here the probability of an ¢, j or &,
etc., greater than » would be negligibly small.
The author has found by numerical evaluations
that the summation in (4) is exactly equal to
2*~1/z] for values of z from 0 to 9. Salkover® has
shown that the validity of this simple expression
for all values of z can be established by induction.
Substitution in (4) gives for the weight fraction of
the species composed of z chains the comparatively
simple expression

W, = (1 - p)’z“ (8) (5)

B/e = up(l — p)»—1 (6)
The distribution function (5) is subject to the
approximations introduced in the preceding para-
graphs. It will be shown below that certain fur-
ther approximations, appropriate when v is large,
are necessary in order to give (5) the proper limit-
ing characteristics.
Substituting
(I =p)»=evr [l —vp?/2 4 (vp/4 — 2/3)wp%/31 4 . .... ]
in (6) and letting® u = » — 1/,
Blexme#r [1 — vp2/2 + ... 1(» — 1/2)p/(1 — p)
or

7 > 0, etc.

where

Ble ve (1 — (1 — 7)¥2v + ...] @
where v = »p. When the number » + 1 of units
per chain is large, the cross linking index v is ap-

(8) It is evident from the nature of the approximations involved
that the best value which can be chosen for x must lie between » and
v — 1. It will be assumed below that p = » — 1/,

(9) The author is indebted to Professor M. L. Salkover of the
University of Cincinnati for contributing this proof, which has not
been reproduced here.
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proximately equal to the number of cross-linked
units per chain, or twice the number of cross-link-
ages per chain. Situations of most interest are
those for which v is of the order of unity, where
higher terms of the series in (7) are negligible. In
any case the magnitude of the error introduced
by setting u = y — 1/, probably justifies omission
of all terms above the first, giving
B = yer~? 7.1

Regardless of whether (7) or (7.1) is used, 8
reaches a maximum value of unity when v = 1,
and decreases for higher values of v. The func-
tion B(7) is analogous to B(a) of the preceding
paper.®! For every value of 8 (except 8§ = 1)
there are two solutions ¥ of (7.1), one of them less
than unity and the other greater than unity (see

Fig. 1).
1.0 / B ~ i}

0.8 -

0.8}
< ;
0.4}/

0.2+

0 : a1 )
1

Fig. 1.—p8 vs. the cross-linking index +.

Substituting (7.1) in (5) and replacing (1 — p)2/
pp with 1/v, an approximation which is of the
same order as that introduced in the derivation of
(5)

7 yemmye < 222 (B
W, = yal (ve=m)e = Y21 (e) ®)
Introducing Stirling’s approximation z! 2 /27 2-
(2/€)*
Wz 2= (1/77/2r) 8*/5%" (8.1
These distribution functions are similar to those
of the preceding paper.’® Throughout the physi-
cally accessible range 8 = ('to 1, W, is finite for
all values of z and >, W, is convergent.
s=l
The Sol-Gel Ratio.—It has been found that
> @V/an(8/e)r = v
z2=1
where v’ is the lower of the two roots of (7.1) for

(10} Compare equation (8.1) with (5.2) of ref. 6.
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the particular value of B (see Fig. 1). Hence,
wheny £ 1
S Ww.=1 ©)
zm]
and when v > 1
> W=7y (10)

z=]
where ' is the lower root of (7.1) for the value of
B corresponding to v.

In complete analogy with the results for tri-
functionally branched polymers, the summation
of the weight fractions of all finite species is unity
until the critical value of the cross linking index
v is exceeded. Thereafter, the summation de-
creases continuously as ¥ increases. This de-
crease in y_, W, below unity is attributed to the
formation of infinite networks, which are not ac-
counted for in the distribution function. Hence,
Y = 1 represents the critical value for incipient
gelation, and, when + is greater than unity, weight
fractions of sol and gel are, respectively

We=7"/7 (10)
and

We=1=7'/7v (11)

where v and ¥’ are roots of (7.1) for the same value
of 8.

The approximation introduced in the deriva-
tion of equation (8) by the substitution of 1/7 for
(1 — p)*/up proves to have been particularly ap-
propriate. Otherwise, > W, when ¥ < 1 would
have been a function of p not exactly equal to
unity. Equation (5) has been converted to (8),
which fulfills the necessary limiting conditions for
an acceptable distribution function, through the
introduction of approximations which are small
under the conditions assumed, namely, » large
and ¥ ~ 1. None of the approximations are be-
yond the order of those introduced in the original
derivation of (5). It is not improbable that a-
completely rigorous treatment of this problem
would show that (8) is exact, or, at least, more
nearly so than (5).

Number Average and Weight Average Molecu-
lar Weights.—By a procedure analogous to that
presented in the preceding paper,!! the number
average number of chains per molecule can be
shown to be

zZn = 1/(1 — 7/2) 12)
assuming that no intramolecular cross-linking

(11) See p. 3093 of ref. 6.



Nov., 1941 THREE DIMENSIONAL POLYMERS:
occurs. The weight average number of chains is
o = (Bs/e)

2w = z; —75!- (13)
= (1/7 V2r) Y B/5 (13.1)

The number and weight average molecular weights
are proportional to 2, and 2,, respectively, since
the chains are assumed to be of uniform length.
As was found in the preceding paper,® 2, reaches
infinity at the critical point, 8 = 1,¥ = 1. On
the other hand, Z, is only equal to 2 at the critical
point.
Discussion

Weight fraction distributions are plotted in Fig.
2 for several values of the cross-linking index
¥. The curves have been calculated from eq. (8).
Only integral values of z are significant. Since all
chains are assumed to be of the same length, the
curves represent weight fraction distributions ac-
cording to actual molecular size. It follows from
the form of (8) that the ¥ = 0.40 and 0.80 curves
in Fig. 2 are also applicable to the sol fractions in
gelled polymers for which ¥ has the values 2.02
and 1.23, respectively (see Fig. 1).

0.16 -

0.12+ »

2

0.08

0.04 -

Fig. 2.—Weight fractions vs. number of chains per
molecule for v = 0.40, --—--- , vy = 080; ———, v =
1.00,

Weight fractions of single chains (z = 1) for
each of the three curves are 0.67, 0.45 and 0.37,
respectively. The quantities of successively
larger species decrease rapidly; this rate of de-
crease becomes less as v approaches unity. Al-
though the distribution broadens rapidly as gela-
tion is closely approached, there is always a pre-
ponderance of smaller species. The similarity of
these distributions to the complexity distribution
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curves shown for trifunctionally branched poly-
mers in Fig. 1 of the preceding paper obviates fur-
ther comment.

8 ] W
6i- . ‘ 1.0
i
Ib? - i ’\ Wi -10.8 .
e d [ L 0.6
1] " \‘ e
L / /\\ 0.4
TN
21~ = / -10.2
[,
/
1 B / : i 0
0 1 2
7.

Fig. 3.—Weight fraction of gel (1), and number aver-
age (3s) and weight average (%) number of chains per
molecule as functions of y. Beyond v = 1 the curves for
2n and 2y refer to the sol fraction only.

The weight fraction of gel, plotted in Fig. 3, has
been evaluated from the curve in Fig. 1, according
to the relationship (11). The curve for Z,, the
number average number of chains per molecule,
which is proportional to the number average
molecular weight, has been calculated from (12).
The corresponding weight average (%,) curve has
been drawn through points computed by direct
summation according to (13) as far as z = 10,
supplemented with an evaluation of the integral
corresponding to (13.1) from z = 11 to «.1?
Curves for 2, and z, beyond the gel point apply
to the sol fraction of the polymer.

The rapid separation of the z, and 3, curves as
the gel point is approached is even more pro-
nounced than in the trifunctional case.!* Whereas
%y is infinite when v = 1, 3, is only equal to two.
That is, at the gel point cross-linking has merely
doubled the number average molecular weight;
this is the average which one would obtain by cryo-
scopic or osmotic methods. The comments pre-
sented in the preceding paper® concerning the bear-
ing of analogous results on the progress of the vis-
cosity as the gel point is approached are equally
applicable here.

(12) See footnote (11) of the preceding paper.$

(13) Incomparing Fig. 3 above with Fig, 2 of the preceding paper,!
it should be observed that although  plays a role analogous to that of
« of the preceding paper, the two quantities are not equivalent. a
cannot exceed unity, but v must reach a very large value before sub-
stantially all sol has disappeared.
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For tetrafunctionally branched polymers com-
posed of long chains randomly distributed in
length,!* the critical condition, according to re-
sults of a preceding paper,” % is given by
s =

4 (no. of cross links) _
4(no. of cross links) + (unreacted terminal groups)

1/3

Since there are two unreacted terminal groups
per chain, the number of cross linkages at the gel
point is one-fourth of the number of chains. This
result is one-half of the critical degree of cross-
linking derived above for chains of uniform length.
The number average molecular weight of the
polymer at the gel point, therefore, is only three-
halves the number average molecular weight
of the non-uniform chains.

In principle, the theory presented here should
be applicable to vinyl-divinyl copolymers,%%*
e. g., styrene—divinylbenzene copolymers. How-
ever, it is necessary to know the ratio in which
the two co-reactants enter the polymer chains
(on the average) and not merely their ratio in the
initial mixture. Staudinger and co-workers®?
have shown that divinylbenzene is more reactive
than styrene. Until the ratio of divinylbenzene
to styrene in the polymer chains is known, quan-
titative application of statistical theory to these
co-polymers would be futile.

(14) The distribution given by eq. (1) of ref. (7) is referred to here
as the “random’’ distribution; it seems to prevail frequently in linear
polymers.

(15) See in particular equations (2) and (8) of ref. (7).
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Although the principles which have been de-
duced from statistical consideration should be of
widespread assistance toward an understanding
of the composition and behavior of three dimen-
sional polymers and high polymer gels, few experi-
mental data suitable for a quantitative test of the
theory are available. Application of the theory
to rubber and to protein gels will be discussed in
another paper.

The author desires to acknowledge his indebted-
ness to Professor William C. Taylor, of the Mathe-
matics Department of the University of Cincin-
nati, with whom he had the opportunity to dis-
cuss various phases of the theory presented in the
three papers of this series.

Summary

The distribution of species in three dimensional
polymers composed of randomly cross-linked
chains of uniform length has been discussed. The
results parallel those of the preceding paper for
trifunctionally branched polymers. Gelation oc-
curs when the cross-linking index v (equal to the
number of structural units which are cross-linked
per chain) is equal to unity, and the number av-
erage molecular weight is twice that of the chains.

The effect of non-uniformity in the lengths of
the chains has been discussed. When the chains
are randomly distributed in length, v = !/, at
the gel point.
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Structure-Property Relationships in Some Isomeric Octanols

By G. L. Doroucsa,! H. B. GrLass,! THos. L. Gresnam,! G. B. MaLonNe! aNp E. EMMET REID

Introduction

In most previous studies of the relations be-

tween structures and properties of isomeric or-
ganic compounds, the number of isomers has been
small or only a few properties have been meas-
ured. The work of Edgar and co-workers? on the
isomeric heptanes stands out for its completeness.
Clarke’s summary for the octanes® includes a
larger number of compounds but fewer proper-
ties. Other outstanding studies are represented

(1) Taken in part from Dissertations submitted in partial fulfill-
ment of the requirements for the degree of Doctor of Philosophy, 1929
and 1930. '

(2) Edgar and co-workers, THIS JoURNAL, 51, 1483 (1029).

(3) Clarke, ibid., 88, 520 (1911).

by the work of Sherrill and Errerat on the straight
chain heptanols and certain of their derivatives,
and by the work of Hovorka, Lankelma, and co-
workers® on the isomeric hexanols. It does not
appear, however, that any comprehensive study
of a large number of properties of a large num-
ber of isomers ever has been made. We have ac-
cordingly undertaken an investigation of this type.

The following considerations governed the se-
lection of the compounds to be studied and the
manner of study: a large but not excessive num-
ber of isomers; a functional variant to give wide

(4) Sherrill and Errera, tbid., 52, 1982, 1993 (1930).
(5) Hovorka, Lankelma, ef al., $bid., 63, 2372 (1940), and earlier
papers there referred to.



